Systematical investigation on the stability of doubly heavy tetraquark
  states by Deng, Chengrong et al.
ar
X
iv
:1
81
1.
06
46
2v
2 
 [h
ep
-p
h]
  6
 Ju
n 2
01
9
Systematical investigation on the stability of doubly heavy tetraquark states
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We systematically investigate the stability of the doubly heavy tetraquark states [QQ][q¯q¯] (Q = c
and b, q = u, d and s) within the framework of the alternative color flux-tube model involv-
ing a multibody confinement potential, σ-exchange, one-gluon-exchange and one-Goldstone-boson-
exchange interactions. Our numerical analysis indicates that the states [bb][u¯d¯] with 01+ and [bb][u¯s¯]
with 1
2
1+ are the most promising stable states against strong interactions. The states [cc][u¯d¯] with
01+, [bc][u¯d¯] with 00+, 01+, and 12+, and [bb][u¯d¯] with 01− and 12+ as stable states are also pre-
dicted in the model. The dynamical mechanism producing those stable doubly heavy tetraquark
states are discussed in the model.
PACS numbers: 14.20.Pt, 12.40.-y
I. INTRODUCTION
Searching for exotic hadrons beyond conventional qq¯-
meson and qqq-baryon pictures is an extremely mean-
ingful topic in hadronic physics because they may con-
tain more abundant low-energy strong interaction in-
formation than ordinary hadrons. A large amount of
new hadron states have been observed since the BELLE
collaboration’s discovery of the charmonium-associated
state X(3872) in 2003 [1]. Many of new hadron states
can not be accommodated in the conventionalQQ¯-meson
framework, such as the charged Z+c states, which must
have a smallest quark component cc¯ud¯ due to carrying
one unit charge. Tetraquark states QQ¯qq¯ have therefore
attracted much attention from theoretical physicists to
describe the internal structure of new hadron states [1].
Most of new hadron states can be accommodated in the
picture of tetraquark states just matching their experi-
mental data with model values of QQ¯qq¯ [2, 3]. Even so,
none of new hadron states is lower than its threshold up
to now and can therefore decay into QQ¯ and qq¯ via strong
interactions [2, 3].
The theoretical explorations on the question whether
or not the doubly heavy tetraquark states [QQ][q¯q¯] or
[Q¯Q¯][qq] can exist as stable states against breakup into
twoQq¯ mesons was pioneered in the early 1980s [4]. From
then on, a lot of attention has been payed to the states
in various phenomenological methods, such as the MIT
bag model [5], constituent quark model (CQM) [6], chiral
perturbation theory [7], string model [8], lattice QCD [9],
and QCD sum rule approach [10]. A large amount of
researches indicated that the state [bb][u¯d¯] with 01+ is
stable against strong interactions in various theoretical
framework. However, the state has not been determined
because of a lack of experimental information about the
strength of the interaction between two heavy quarks.
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The discovery of the doubly charmed baryon Ξcc by the
LHCb Collaboration at CERN has provided the crucial
experimental input which allows this issue to be finally
resolved [11]. Subsequently, the enthusiasms of the the-
oretical investigation on the doubly heavy tetraquark
states [QQ][q¯q¯] are stimulated again to search for pos-
sible stable tetraquark states [12–22]. Undoubtedly, the
stability of the doubly heavy tetraquark states are model
dependent, see Table V. More investigations from the dif-
ferent theoretical point of view should therefore be very
necessary to present a comprehensive understanding on
the properties of the states, which must be benefit to
the future experimental searches for stable doubly heavy
tetraquark states.
Recently, we have developed an alternative color flux-
tube model (ACFTM) based on the lattice QCD pic-
ture and the traditional quark models [23, 24]. The
most salient feature of this model is a multibody confine-
ment potential instead of a two-body one proportional
to the color charge in the traditional quark models [25].
We systematically investigate the hidden charmed states
observed in recent years within the framework of the
ACFTM. It can be found that many of hidden charmed
states as compact tetraquark states can be accommo-
dated in the ACFTM, especially the charged tetraquarks
Z+c . The multibody color flux-tube dynamical mech-
anism is seem to be propitious to describe multiquark
states from the phenomenological point of view [2]. We
have therefore a great ambition to research the properties
of the doubly heavy tetraquark states under the hypoth-
esis of diquark-antidiquark picture within the framework
of ACFTM. We concentrate more on the mass spectrum
of doubly heavy tetraqurk states than on their decay
properties and we investigate the dynamical mechanism
bunching quarks together and affecting their binding en-
ergy. This work is attempted to broaden the theoretical
horizon in the properties of the doubly heavy tetraquark
states and may provide some valuable clues to the ex-
perimental establishment of the tetraquark states in the
future.
This paper is organized as follows. After the intro-
duction section, the introduction of the ACFTM is given
2in Sec. II. The construction of the wavefunctions of the
doubly heavy tetraquark states are shown in Sec. III.
The numerical results and discussions of the stable dou-
bly heavy tetraquark states are presented in Sec. IV. The
last section is devoted to list a brief summary.
II. THE ALTERNATIVE COLOR FLUX-TUBE
MODEL
The underlying theory of strong interaction is quantum
Chromodynamics (QCD), which has three important
properties: asymptotic freedom, color confinement, ap-
proximate chiral symmetry and its spontaneous breaking.
At the hadronic scale, QCD is highly non-perturbative
due to the complicated infrared behavior of the non-
Abelian SU(3) gauge group. At present it is still impossi-
ble for us to derive the hadron spectrum analytically from
the QCD Lagrangian. The QCD-inspired CQM is there-
fore a useful tool in obtaining physical insight for these
complicated strong interaction systems. Though the con-
nection between the models and QCD is not clearly es-
tablished and there is no sound systematics to obtain
corrections, the models can provide simple physical pic-
tures, which connect the phenomenological regularities
observed in the hadron data with the underlying struc-
ture.
Color confinement is a long distance behavior whose
understanding continues to be a challenge in theoretical
physics. In the traditional CQM, a two-body interac-
tion V Cij proportional to the color charges λ
c
i ·λcj and rnij ,
namely V Cij = acλ
c
i · λcjrnij , where n = 1 or 2 and rij
is the distance between two quarks, was introduced to
phenomenologically describe the quark confinement in-
teraction [23]. The traditional models can well describe
the properties of ordinary hadrons (q3 and qq¯) because
their flux-tube structures are unique and trivial. The
models are known to be flawed phenomenologically be-
cause it leads to power-law van der Waals forces between
color-singlet hadrons [26]. The problems are related to
the fact that the models do not respect local color gauge
invariance [27]. In addition, it also leads to anticonfine-
ment for symmetrical color structure in the multiquark
system [28].
LQCD calculations on mesons, baryons, tetraquark,
and pentaquark states revealed that there exist flux-tube
structures in the hadrons [24]. In the case of a given spa-
tial configuration of multiquark states, the confinement
is a multibody interaction and can be simulated by a
static potential which is proportional to the minimum of
the total length of color flux-tubes. A naive flux-tube
model, used in the present work, based on this picture
has been constructed. It takes into account multibody
confinement with harmonic interaction approximation,
i.e., where the length of the color flux-tube is replaced
by the square of the length to simplify the numerical
calculation. In this way, the Regge trajectories are miss-
ing in the ACFTM. However, this replacement is still
a good approximation for low-lying states such as the
states considered in this paper. We have calculated the
bb¯ spectrum by using quadratic and linear potentials, the
results show that the differences between two models are
small for the low-lying states [29]. There are two theo-
retical arguments to support this approximation: One is
that the spatial separations of the quarks (lengths of the
color flux-tube) in hadrons are not large, so the differ-
ence between the linear and quadratic forms is small and
can be absorbed in the adjustable parameter, the stiff-
ness. The calculations on nucleon-nucleon interactions
support the argument [30]. The second is that we are us-
ing a nonrelativistic description of the dynamics and, as
was shown long ago [31], an interaction energy that varies
linearly with separation between fermions in a relativis-
tic, first order differential dynamics has a wide region in
which a harmonic approximation is valid for the second
order (Feynman-Gell-Mann) reduction of the equations
of motion.
For an ordinary meson, the quark and anti-quark are
connected by a three-dimension color flux-tube. It’s con-
finement potential in the ACFTM can be written as
V Cmin(2) = kr
2, (1)
where r is the separation of the quark and anti-quark, k
is the stiffnesses of a three-dimension color flux-tube.
According to double Y-shaped color flux-tube struc-
tures of the tetraquark state [Q1Q2][q¯3q¯4] with diquark-
antiquark configuration, a four-body quadratic confine-
ment potential instead of linear one used in the lattice
QCD can be written as,
V C(4) = k
[
(r1 − y12)2 + (r2 − y12)2 + (r3 − y34)2
+ (r4 − y34)2 + κd(y12 − y34)2
]
, (2)
where r1, r2, r3 and r4 are particle’s positions. Two
Y-shaped junctions y12 and y34 are variational param-
eters, which can be determined by taking he minimum
of the confinement potential. κdk is the stiffness of a d-
dimension color flux-tube. The relative stiffness param-
eter κd is equal to
Cd
C3
[32], where Cd is the eigenvalue
of the Casimir operator associated with the SU(3) color
representation d at either end of the color flux-tube, such
as C3 =
4
3 , C6 =
10
3 , and C8 = 3.
The minimum of the confinement potential V Cmin can
be obtained by taking the variation of V C with respect
to y12 and y34, and it can be expressed as
V Cmin(4) = k
(
R21 +R
2
2 +
κd
1 + κd
R23
)
, (3)
The canonical coordinates Ri have the following forms,
R1 =
1√
2
(r1 − r2), R2 = 1√
2
(r3 − r4),
R3 =
1√
4
(r1 + r2 − r3 − r4), (4)
R4 =
1√
4
(r1 + r2 + r3 + r4).
3The use of V Cmin(4) can be understood here as that the
gluon field readjusts immediately to its minimal configu-
ration.
The origin of the constituent quark mass is traced back
to the spontaneous breaking of SU(3)L ⊗ SU(3)R chiral
symmetry and consequently constituent quarks should
interact through the exchange of Goldstone bosons [33].
Chiral symmetry breaking suggests dividing quarks into
two different sectors: light quarks (u, d and s) where
the chiral symmetry is spontaneously broken and heavy
quarks (c and b) where the symmetry is explicitly broken.
The SU(3)L ⊗ SU(3)R chiral quark model where con-
stituent quarks interact through pseudoscalar Goldstone
bosons exchange (GBE) were very successfully applied
to describe the baryon spectra [34], nucleon-nucleon and
nucleon-hyperon interactions [35]. The central part of
the quark-quark interaction originating from chiral sym-
metry breaking can be resumed as follows [36],
V Bij = V
pi
ij
3∑
k=1
FkiF
k
j + V
K
ij
7∑
k=4
FkiF
k
j
+ V ηij(F
8
iF
8
j cos θP − sin θP ),
V χij =
g2ch
4pi
m3χ
12mimj
Λ2χ
Λ2χ −m2χ
σi · σj (5)
×
(
Y (mχrij)−
Λ3χ
m3χ
Y (Λχrij)
)
,
V σij = −
g2ch
4pi
Λ2σmσ
Λ2σ −m2σ
(
Y (mσrij)− Λσ
mσ
Y (Λσrij)
)
.
where χ stands for pi, K and η, Y (x) = e−x/x, Fi,j
and σi,j are the flavor SU(3) Gell-man matrices and spin
SU(2) Pauli matrices, respectively.
Besides the chiral symmetry breaking, one expects the
dynamics to be governed by QCD perturbative effects,
which is well known one-gluon-exchange (OGE) poten-
tial. The central part of the OGE reads [36],
V Gij =
αs
4
λci · λcj
(
1
rij
− 2piδ(rij)σi · σj
3mimj
)
.
where λi,j is the color SU(3) Gell-man and, αs is the
running strong coupling constant and takes the following
form [36],
αs(µij) =
α0
ln
(
(µ2ij + µ
2
0)/Λ
2
0
) , (6)
where µij is the reduced mass of two interacting particles.
The function δ(rij) should be regularized [37],
δ(rij) =
1
4pirijr20(µij)
e−rij/r0(µij), (7)
where r0(µij) = rˆ0/µij . Λ0, α0, µ0 and rˆ0 are adjustable
model parameters.
The non-central parts of the OBE and OGE, tensor
and spin-orbit forces, between quarks are omitted in the
present calculation because, for the lowest energy states
which we are interested in here, their contributions are
small or zero.
To sum up, the Hamiltonian Hn (n = 2 or 4) related
to the present work can be expressed as follows:
Hn =
n∑
i=1
(
mi +
p2i
2mi
)
− TC +
4∑
i>j
Vij + V
C
min(n),
Vij = V
G
ij + V
B
ij + V
σ
ij . (8)
pi and mi are the momentum and mass of the i-th quark
(antiquark), respectively. Tc is the center-of-mass kinetic
energy of the states and should be deducted.
The starting point of the model study on the multi-
quark states is to accommodate ordinary hadrons in the
model in order to determine model parameters. The mass
parametersmpi, mK and mη in the V
B
ij take their experi-
mental values. The cutoff parameters Λs and the mixing
angle θP in the V
B
ij take the values in the work [36]. The
mass parameter mσ in the interaction V
σ
ij can be deter-
mined through the PCAC relationm2σ ≈ m2pi+4m2u,d [38].
The chiral coupling constant gch can be obtained from
the piNN coupling constant through
g2ch
4pi
=
(
3
5
)2
g2piNN
4pi
m2u,d
m2N
. (9)
The values of the above fixed model parameters are given
in Table I. The adjustable parameters and their errors
in Table II can be determined by fitting the masses of
the ground states of mesons in Table III using Minuit
program. Once the meson masses are obtained, one can
calculate the threshold of the doubly heavy tetraquark
states [QQ][q¯q¯] simply by adding the masses of two Qq¯
mesons to identify the stability of the tetraquark states
against strong interaction.
TABLE I: Fixed model parameters.
Para. Valu. Unit Para. Valu. Unit Para. Vale. Unit
mud 280 MeV mσ 2.92 fm
−1 Λη 5.2 fm
−1
mpi 0.7 fm
−1 Λpi 4.2 fm
−1 θP −
pi
12
...
mK 2.51 fm
−1 Λσ 4.2 fm
−1 g
2
ch
4pi
0.43 ...
mη 2.77 fm
−1 ΛK 5.2 fm
−1
TABLE II: Adjustable model parameters.
Para. xi ±∆xi Unit Para. xi ±∆xi Unit
ms 511.78 ± 0.228 MeV α0 4.554 ± 0.018 ...
mc 1601.7 ± 0.441 MeV k 217.50 ± 0.230 MeV·fm
−2
mb 4936.2 ± 0.451 MeV µ0 0.0004 ± 0.540 MeV
Λ0 9.173 ± 0.175 MeV r0 35.06 ± 0.156 MeV·fm
Meson spectrum have been also studied in other differ-
ent quark models [36, 39]. The spectrum from the light-
pseudoscalar and vector mesons to bottomonium are also
investigated in a nonrelativistic quark model (17 free pa-
rameters) with one gluon exchange potential, a screened
confinement and one boson exchange [36]. The mesons
4TABLE III: The ground state meson spectra in the three mod-
els, unit in MeV.
Mesons IJP ACFTM Ref. [39] Ref. [36] PDG
pi 10− 142± 26 150 139 139
K 1
2
0− 492± 20 470 496 496
ρ 11− 826± 4 770 772 775
ω 01− 780± 4 780 690 783
K∗ 1
2
1− 974± 4 900 910 892
φ 01− 1112± 4 1020 1020 1020
D± 1
2
0− 1867± 8 1880 1883 1869
D∗ 1
2
1− 2002± 4 2040 2010 2007
D±s 00
− 1972± 9 1980 1981 1968
D∗s 01
− 2140± 4 2130 2112 2112
ηc 00
− 2912± 5 2970 2990 2980
J/Ψ 01− 3102± 4 3100 3097 3097
B0 1
2
0− 5259± 5 5310 5281 5280
B∗ 1
2
1− 5301± 4 5370 5321 5325
B0s 00
− 5377± 5 5390 5355 5366
B∗s 01
− 5430± 4 5450 5400 5416
Bc 00
− 6261± 7 6270 6277 6277
B∗c 01
− 6357± 4 6340 ... ...
ηb 00
− 9441± 8 9400 9454 9391
Υ(1S) 01− 9546± 5 9460 9505 9460
from the pi to Υ can be described in a relativized quark
model (14 free parameters) with a universal one gluon
exchange plus a linear confining potential motivated by
QCD [39]. For comparison, the results of other two mod-
els are also listed in the Table III. Objectively speaking,
the other two models can describe the meson spectra a
little better than our model, the main reason of which
is that the number of the free parameters in our model
is much less than those in the two models because the
ACFTM has just 8 adjustable parameters. On the whole,
the ACFTM can describe meson spectrum the point of
view of the model. In general, it is hard to exactly pro-
duce a large amount of states in the quark model cal-
culation with limited number of parameters. The more
parameters the model has, the more accurate it is. One
does not expect to introduce too many free parameters to
improve the accuracy of meson spectrum at the expense
of reducing the prediction ability of the model.
In addition, it can be found that the non-relativistic
quark model and relativistic one are equivalent, which
can give a reasonable meson spectrum. A great deal of
early researches on meson spectra have been devoted to
compare the equivalence of various types of quark mod-
els [40]. Phenomenological model researches on multi-
quark states and hadron-hadron interactions hope that
the good equivalence found between relativistic and non-
relativistic meson spectra persists for multi-quark sys-
tems. In fact, norelativistic quark models have been suc-
cessfully applied to baryon-baryon interactions and new
hadrons observed in experiments up to now [35, 41, 42].
Although it is generally recognized that the models
with relativistic dynamics are more rigorous from the
theoretical point of view, all relativistic quark models
had to face the technical difficulty, an endemic problem,
of separating the centre of mass motion. In contrast,
nonrelativistic quark models can cope with the centre of
mass motion and also be more easily extended to multi-
body dynamics than relativistic ones.
III. WAVEFUNCTIONS OF THE DOUBLY
HEAVY STATES
The properties of the doubly heavy tetraquark states
can be obtained using a complete wavefunction which in-
cludes all possible flavor-spin-color-spatial channels that
contribute to a given well defined parity, isospin, and
total angular momentum. Within the framework of the
diquark-antidiquark configuration, the trial wavefunction
of the doubly heavy tetraquark state [QQ][q¯q¯] can be con-
structed as a sum of the following direct products of color
χc, isospin ηi, spin χs and spatial φ terms
Φ
[QQ][q¯q¯]
IMIJMJ
=
∑
α
ξα
[[[
φGlama(r)χsa
][QQ]
JaMJa
[
φGlbmb(R)
× χsb ][q¯q¯]JbMJb
][QQ][q¯q¯]
JabMJab
φGlcmc(X)
][QQ][q¯q¯]
JMJ
(10)
×
[
η
[QQ]
ia
η
[q¯q¯]
ib
][QQ][q¯q¯]
IMI
[
χ[QQ]ca χ
[q¯q¯]
cb
][QQ][q¯q¯]
CWC
,
The subscripts a and b represent the diquark [QQ] and
antidiquark [q¯q¯], respectively. The summering index α
stands for all possible flavor-spin-color-spatial intermedi-
ate quantum numbers.
The relative spatial coordinates r, R and X and cen-
ter of mass Rc in the tetraquark state [QQ][q¯q¯] can be
defined as,
r = r1 − r2, R = r3 − r4
X =
m1r1 +m2r2
m1 +m2
− m3r3 +m4r4
m3 +m4
, (11)
Rc =
m1r1 +m2r2 +m3r3 +m4r4
m1 +m2 +m3 +m4
.
The corresponding angular excitations of three relative
motions are, respectively, la, lb and lc. The parity of
the doubly heavy tetraquark states [QQ][q¯q¯] can there-
fore be expressed in terms of the relative orbital angu-
lar momenta associated with the Jacobi coordinates as
P = (−1)la+lb+lc . It is worth mentioning that this set of
coordinate is only a possible choice of many coordinates
and however most propitious to describe the correlation
of two quarks (antiquark) in the diquark (antidiqurk)
and construct the symmetry of identical particles. In or-
der to obtain a reliable solution of few-body problem,
a high precision numerical method is indispensable. The
Gaussian Expansion Method (GEM) [43], which has been
proven to be rather powerful to solve few-body prob-
lem, is therefore used to study four-quark systems in the
present work. According to the GEM, any relative mo-
5tion wave function can be written as,
φGlm(z) =
nmax∑
n=1
cnNnlz
le−νnz
2
Ylm(zˆ) (12)
More details of the relative motion wave functions can be
found in the paper [43].
The color representation of the diquark maybe anti-
symmetrical [QQ]3¯c or symmetrical [QQ]6c , whereas that
of the antidiquark maybe antisymmetrical [q¯q¯]3c or sym-
metrical [q¯q¯]6¯c . Coupling the diquark and the antidi-
quark into an overall color singlet according to color cou-
pling rule have two ways:
[
[QQ]3¯c [q¯q¯]3c
]
1
(good diquark)
and
[
[QQ]6c [q¯q¯]6¯c
]
1
(bad diquark). In general, the in-
teraction in the good diquark is attractive, whereas the
interaction in the bad diquark is repulsive. Anyway, a
real physical state should be their mixture because of
the coupling between two color configurations.
The spin of the diquark [QQ] is coupled to sa and that
of the antiquarks [q¯q¯] to sb. The total spin wave function
of the doubly heavy tetraquark state [QQ][q¯q¯] can be
written as S = sa⊕ sb. Then we have the following basis
vectors as a function of the total spin S.
S =


0 = 1⊕ 1 and 0⊕ 0
1 = 1⊕ 1, 1⊕ 0, and 0⊕ 1
2 = 1⊕ 1
, (13)
With respect to the flavor wavefunction, we only con-
sider SUf(2) symmetry in the present work. The quarks,
s, c and b, have isospin zero so they do not contribute to
the total isospin. The flavor wave functions of the antidi-
quark consisting of u¯ and d¯ quarks are similar to those
of spin.
Taking all degrees of freedom of identical particles
in the diquark (antidiquark) into account, the Pauli
principle must be satisfied by imposing some restric-
tions on the quantum numbers of the diquark (antidi-
quark). Such as the color-antisymmetrical tetraquark
state [cc]3¯c [u¯d¯]3c , the quantum numbers must satisfy
the relations (−1)la+ia+sa = −1 and (−1)lb+ib+sb =
1. But for the color-symmetrical tetraquark state
[cc]6c [u¯d¯]6¯c , the quantum numbers must satisfy the re-
lations (−1)la+ia+sa = 1 and (−1)lb+ib+sb = −1. On
the contrary, the situation of non-identical particles is
extremely simple because of no any restrictions.
IV. NUMERICAL RESULTS AND ANALYSIS
The converged numerical results of the doubly heavy
tetraquark states [QQ][q¯q¯] within the framework of the
ACFTM can be obtained through solving the four-body
Schro¨dinger equation with the Rayleigh-Ritz variational
principle,
(H4 − E4)Φ[QQ][q¯q¯]IMIJMJ = 0. (14)
A tetraquark state should be stable against strong in-
teraction if its energy lies below all possible two-meson
thresholds. We express the lowest threshold of the dou-
bly heavy tetraquark [QQ][q¯q¯] as TminM1M2 , where M1 and
M2 stand for two Qq¯ mesons. The binding energy of the
doubly heavy tetraquark states can be therefore defined
as
Eb = E4 − TminM1M2 (15)
to identify whether or not the tetraquark state is stable
against strong interactions. The procedure can greatly
reduce the influence of inaccurate meson spectra coming
from the parameters on the binding energies by the the-
oretical difference between the energy of the tetraquark
states and that of two mesons. If Eb ≥ 0, the tetraquark
state can fall apart into two mesons via strong interac-
tions. If Eb < 0, the strong decay into two mesons is
forbidden and therefore the decay must be weak or elec-
tromagnetic interaction.
TABLE IV: The energies of the doubly heavy tetraquark
states [QQ][q¯q¯], masses unit in MeV.
Flavor IJP n2S+1LJ Masses T
min
M1M2
Eb
01+ 03S1 3719± 12 DD
∗ −150
01− 01P1 3931± 12 DD 197
[cc][u¯d¯] 10+ 01S0 3962 ± 8 DD 228
11+ 03S1 4017 ± 7 DD
∗ 148
12+ 05S2 4013 ± 7 D
∗D∗ 9
00+ 01S0 6990± 12 DB −136
01+ 03S1 6997± 12 DB
∗ −171
02+ 05S2 7321 ± 7 D
∗B∗ 18
[bc][u¯d¯] 01− 01P1 7154 ± 9 DB 28
10+ 01S0 7270 ± 8 DB 144
11+ 03S1 7283 ± 8 DB
∗ 115
12+ 05S2 7299 ± 7 D
∗B∗ −4
01+ 03S1 10282 ± 12 BB
∗ −278
01− 01P1 10404 ± 11 BB −114
[bb][u¯d¯] 10+ 01S0 10558 ± 7 BB 40
11+ 03S3 10586 ± 7 BB
∗ 26
12+ 05S2 10572 ± 7 B
∗B∗ −30
1
2
0+ 01S0 4121 ± 8 DDs 282
[cc][u¯s¯] 1
2
1+ 03S1 4068 ± 9 D
∗Ds 94
1
2
2+ 05S2 4177 ± 7 D
∗D∗s 35
1
2
0+ 01S0 7339 ± 9 DsB 108
[bc][u¯s¯] 1
2
1+ 03S1 7356 ± 9 DsB
∗ 83
1
2
2+ 05S2 7455 ± 7 D
∗B∗s 23
1
2
0+ 01S0 10716 ± 7 BBs 80
[bb][u¯s¯] 1
2
1+ 03S1 10629 ± 9 B
∗Bs −49
1
2
2+ 05S2 10734 ± 7 B
∗B∗s 3
00+ 01S0 4279 ± 8 DsDs 335
[cc][s¯s¯] 01+ 03S1 4312 ± 7 DsD
∗
s 193
02+ 05S2 4328 ± 7 D
∗
sD
∗
s 48
00+ 01S0 7582 ± 7 DsBs 232
[bc][s¯s¯] 01+ 03S1 7590 ± 7 DsB
∗
s 188
02+ 05S2 7611 ± 7 D
∗
sB
∗
s 41
00+ 01S0 10866 ± 7 BsBs 112
[bb][s¯s¯] 01+ 03S1 10875 ± 7 BsB
∗
s 68
02+ 05S2 10882 ± 7 B
∗
sB
∗
s 22
6In the following, we discuss the properties of the doubly
heavy tetraquark states [QQ][q¯q¯] to search for all possible
stable states against strong interactions in the ACFTM.
In order to obtain the lowest states with positive parity,
we assume that three relative motions are in a relative S-
wave in the doubly heavy states. In the case of the lowest
states with negative parity, we assume that the angular
excitation of the relative motion occur in not lb and lc
but la, namely la = 1, lb = lc = 0. The reason is that
the angular excitation in the diquark [QQ] bring a ki-
netic energy as possible as small into the excited states,
which contributes to the stability of the doubly heavy
tetraquark states [QQ][q¯q¯]. The ACFTM predictions on
the lowest energies of the doubly heavy tetraquark states
[QQ][q¯q¯] with a set of given IJP are presented in Ta-
ble IV. A first glance gives a conclusion that there ex-
ists seven bound states with positive parity, the states
[cc][u¯d¯], [bc][u¯d¯] and [bb][u¯d¯] with 01+, the states [bc][u¯d¯]]
and [bb][u¯d¯] with 12+, the strange state [bb][u¯s¯] with 121
+
and the state [bc][ud] with 00+, and one negative parity
state [bb][u¯d¯] with 01−. Other doubly heavy tetraquark
states lie above the corresponding lowest threshold within
the framework of the ACFTM and should therefore de-
cay very rapidly through the fall-apart mechanism of the
color flux-tubes.
The binding energies of the doubly heavy tetraquark
states within various theoretical methods are presented in
Table V, in which “...” represents that the corresponding
state was not researched by authors. It is extremely ob-
vious that the state [bb][u¯d¯] with 01+ has a distinguished
strong binding, above 100 MeV, in the absolutely ma-
jority of work and must therefore be the most promising
stable doubly heavy tetraquark state against dissociation
into two heavy-light mesons via strong interaction. Its
strange partner, [bb][u¯s¯] with 121
+, has also a binding en-
ergies from a few to dozens of MeV in all of investigations
with exception of Ebert’s work [44], which lies slightly,
about 13 MeV, above the B∗Bs threshold. In this way,
the state [bb][u¯s¯] with 121
+ stands a good chance of exis-
tence as a bound state. It is strongly suggested that the
two extremely possible stable states against strong in-
teractions should be explored in experiments in the near
future.
In addition to the two doubly heavy tetraquark states
[bb][u¯d¯] with 01+ and [bb][u¯s¯] with 121
+, the existent of
other states in Table V as stable states against strong
interactions are obviously model dependent. The state
[cc][u¯d] with 01+ lies below, greater than 100 MeV, the
threshold DD∗ only in the ACFTM and the chiral quark
models [45, 46]. Other results on the state are higher
than the threshold DD∗. In the case of the states [bc][u¯d¯]
with 00+, 01+ and 12+, Sakai et al described them as
D(∗)B(∗) molecule states with binding energies about 20–
60 MeV [47]. QCD sum rule research indicated that the
extracted masses for both the scalar and axial vector
[bc][q¯q¯] tetraquark states are also below the open-flavor
thresholds DB and DB∗ [48]. Lattice QCD study shown
the existence of a strong-interaction-stable tetraquark
[bb][u¯d¯] with 01+ below DB∗ threshold in the range of
15 to 61 MeV [21]. In the ACFTM, the states [bc][u¯d¯]
with 00+ and 01+ can be depicted as deeply bound states
with binding energies 136 MeV and 171 MeV, respec-
tively. The state [bc][u¯d¯] with 12+ as a bound state have
a slight binding, about 4 MeV. In this way, our conclusion
on the three heavy states [bc][u¯d¯] is qualitatively consis-
tent with that of Sakai. Karliner also predicted that the
state [bc][u¯d¯] with 00+ lies below the thresholdDB about
11 MeV [12]. The heavy state [bb][u¯d¯], the partner of
[bc][u¯d¯] with 12+, can exist as a stable state with binding
energy about 30 MeV, which is not supported by exist-
ing results on the doubly heavy tetraquark states so far.
With respect to the state [bb][u¯d¯] with 1−, the ACFTM
predicts that it lies below the BB threshold about 114
MeV. The energy of this state is higher, just 1 MeV, than
the threshold in Ref. [49]. Very recently, Pflaumer et al
predicted the doubly heavy tetraquark state [bb][u¯d¯] with
1− as a resonance higher 17 MeV than the BB thresh-
old applying lattice QCD potentials [50]. In general, the
heavy states [QQ][u¯d¯] with I = 0 are easier than the
states with I = 1 to form bound states in the ACFTM.
All possible stable doubly heavy tetraquark states
should be, in general, the admixture of the two color
configurations
[
[QQ]3¯c [q¯q¯]3c
]
1
and
[
[QQ]6c [q¯q¯]6¯c
]
1
un-
der the diquark-antidiquark picture as a working hy-
pothesis. Theoretically, the magnitude of their mixing
through color-magnetic interaction is governed by the
order of 1mimj . Special attention is therefore payed to
the role quantitatively played by the two color configura-
tions in the ACFTM. The energies of all possible stable
doubly heavy tetraquark states with the two color config-
urations and their coupling results are given in Table VI.
It can be found that the configuration
[
[QQ]3¯c [q¯q¯]3c
]
1
dominates the energy of the doubly heavy tetraquark
states. The mixing effect pushes the energy of the states
down a little comparing with that of the configuration[
[QQ]3¯c [q¯q¯]3c
]
1
. The heavier the heavy quark pair [QQ],
the stronger the effect. For the [cc] and [bc] sections, it is
just more than ten MeV and several MeV, respectively.
In the [bb] section, the color configuration
[
[bb]6c [q¯q¯]6¯c
]
1
has almost no any effect on the masses of the states
and can be ignored in the ACFTM. Therefore, the color
configuration
[
[QQ]3¯c [q¯q¯]3c
]
1
absolutely dominates the
behavior of the doubly heavy tetraquark states in the
course of investigation on their properties [45, 51]. How-
ever, the color configuration
[
qq]6c [q¯q¯]6¯c
]
1
must be taken
into accounted in the researches on the light tetraquark
states [45].
Regarding to the stable doubly heavy tetraquark states[
[bb]3¯c [u¯d¯]3c
]
1
and
[
[cc]3¯c [u¯d¯]3c
]
1
with 01+, the two
heavy diquarks [bb]3¯ and [cc]3¯ must have spin one be-
cause the flavor and orbit are symmetrical, the color-spin-
orbit-isospin combination is (ca, sa, la, ia) = (3¯c, 1, 0, 0).
The antidiquark [u¯d¯]3 couples into spin and isospin zero,
the color-spin-orbit-isospin combination is (cb, sb, lb, ib) =
(3c, 0, 0, 0). For the heavy diquarks [bb]3¯ and [cc]3¯, the
color-magnetic interaction is therefore weak repulsive.
7TABLE V: The stable doubly heavy tetraquark states [QQ][q¯q¯] in various methods, two results in Ref. [46] for two different
sets of parameters C1 and C2, unit in MeV.
States Ours Others
Flavor IJP TminM1M2 ACFTM [12] [13] [14] [15] [16] [44] [45] [46] [47] [49] [51] [52]
[cc][u¯d¯] 01+ DD∗ −150 7 ... ... ... ... 64 −129 −185,−332 ... −76 100 19
[bc][u¯d¯] 00+ DB −136 −11 ... ... ... ... 95 ... ... −[20, 60] ... ... 11
[bc][u¯d¯] 01+ DB∗ −171 ... ... ... ... ... 56 ... ... −[20, 60] ... ... 1
[bc][u¯d¯] 12+ D∗B∗ −4 ... ... ... ... ... 90 ... ... −[20, 60] ... ... ...
[bb][u¯d¯] 01+ BB∗ −278 −215 −121 −189 −59+30−38 −121 −102 −341 −226,−497 ... −214 −100 −131
[bb][u¯d¯] 12+ B∗B∗ −30 ... ... ... ... ... 23 65 ... ... 1 ... 30
[bb][u¯s¯] 1
2
1+ B∗Bs −49 ... −48 −98 ... −7 13 ... ... ... ... ... −40
[bb][u¯d¯] 01− BB −114 ... ... ... ... ... ... ... ... ... 11 ... ...
TABLE VI: The energies of all stable states with the
color configurations [[QQ]3¯c [q¯q¯]3c ]1 and [[QQ]6c [q¯q¯]6¯c ]1 in the
ACFTM, unit in MeV.
Flavor IJP 3¯c ⊗ 3c 6c ⊗ 6¯c Coupling
[cc][u¯d¯] 01+ 3731 ± 12 4007 ± 8 3719± 12
[bc][u¯d¯] 00+ 6996 ± 12 7262 ± 8 6990± 12
[bc][u¯d¯] 01+ 7003 ± 12 7304 ± 7 6997± 12
[bc][u¯d¯] 12+ 7299± 7 ... 7299± 7
[bb][u¯d¯] 01+ 10283 ± 12 10583 ± 8 10282 ± 12
[bb][u¯d¯] 12+ 10572 ± 7 ... 10572 ± 7
[bb][q¯′ s¯] 1
2
1+ 10629 ± 9 10721 ± 8 10629 ± 9
[bb][u¯d¯] 01− 10404 ± 12 10847 ± 7 10404 ± 12
TABLE VII: The average distance 〈r2ij〉
1
2 between the i-th
and j-th particle in the stable states, unit in fm.
Flavor IJP Eb 〈r
2
12〉
1
2 〈r234〉
1
2 〈r224〉
1
2 〈r213〉
1
2 〈r214〉
1
2 〈r223〉
1
2
[cc][u¯d¯] 01+ −150 0.65 0.78 0.91 0.91 0.91 0.91
[bc][u¯d¯] 00+ −136 0.53 0.78 0.91 0.83 0.83 0.91
[bc][u¯d¯] 01+ −171 0.55 0.78 0.92 0.84 0.84 0.92
[bc][u¯d¯] 12+ −4 0.56 1.13 1.06 0.98 0.98 1.06
[bb][u¯d¯] 01+ −278 0.42 0.77 0.84 0.84 0.84 0.84
[bb][u¯d¯] 12+ −30 0.42 1.13 0.98 0.98 0.98 0.98
[bb][u¯s¯] 1
2
1+ −49 0.42 0.89 0.90 0.76 0.76 0.90
[bb][u¯d¯] 01− −114 0.65 0.77 0.89 0.89 0.89 0.89
However, the large masses admit two heavy quarks to ap-
proach each other as short as possible because kinetic en-
ergy is inversely proportional to the quark mass. Mean-
while, the Coulomb interaction is attractive in the di-
quark [QQ]3¯. The heavier the heavy quark, the stronger
the Coulomb interaction, the shorter the distance, see
Table VII. In the limit of heavy quark, the diquark
[QQ]3¯ gradually shrink into a pointlike particle, which is
qualitatively consistently with the conclusion in Quigg’s
work [18]. With the exception of attractive Coulomb in-
teraction, there exists strong attractive interactions in
the antidiquark [u¯d¯]3c with spin and isospin zero gener-
ated through one-Goldstone-boson-exchange (mainly pi)
and color-magnetic interaction. This conclusion is also
hold for the state
[
[bc]3¯c [u¯d¯]3c
]
1
with 01+. In this way,
the interaction in the doubly heavy states [QQ][u¯d¯] with
01+ become strong gradually with the increase of the
mass ratio
mQ
mq¯
, which was pointed out by many investi-
gations on natures of the doubly heavy tetraquark states
and is strengthen again by the present work [4, 49, 52].
The states
[
[bc]3¯c [u¯d¯]3c
]
1
with 00+ is allowed because
of no symmetry restriction on the diquark [bc]. In the
contrary to the diquarks [bb] and [cc], the color-magnetic
interaction in the diquark [bc] is weak attractive due
to its spin sb = 0. Therefore, the energy of the state[
[bc]3¯c [u¯d¯]3c
]
1
with 00+ is 7 MeV lower than that of the
state
[
[bc]3¯c [u¯d¯]3c
]
1
with 01+. With respect to the state[
[bb]3¯c [u¯d¯]3c
]
1
with 01−, which involves one angular exci-
tation allowed to occur between two b-quarks because of
their large masses. Meanwhile, the diquark [bb] has spin
zero so that the color-magnetic interaction is weak at-
tractive. Therefore, the state with 01− has a lower mass
than that of other states with negative parity.
In one word, there exists strong attractive interactions
coming from the Coulomb interaction, the color-magnetic
interaction and one Goldstone boson exchange (mainly
pi), which are more than 200 MeV, in the stable dou-
bly heavy tetraquark states
[
[QQ]3¯c [u¯d¯]3c
]
1
with I = 0,
see Table VIII. Lattice QCD simulations on the doubly
heavy tetraquark states [QQ][u¯d¯] also indicated that the
phase shifts in the isospin singlet channels suggest at-
tractive interactions growing as mpi decreases [53]. The
state
[
[bb]3¯c [u¯s¯]3c
]
1
with 121
+ is analogical to the state[
[bb]3¯c [u¯d¯]3c
]
1
with 01+ with the exception of the one
Goldstone boson exchange (K and η). The magnitude
of the attractive interaction is weaker than the state 01+
because of no pi-meson exchange interaction in the state
with 121
+.
In order to quantitatively understand the dynamical
mechanism forming the stable doubly heavy tetraquark
states, we calculate the contributions coming from the
different piece of the Hamiltonian in the ACFTM to the
binding energies of the stable states, which are presented
in Table VIII. One can find that the most of the binding
energies come from meson exchange interactions, which
are equal to the values in the tetraquark states. Once me-
son exchanges are switched off, some of stable states will
vanish with the exception of the states [bb][u¯d¯] with 01+
and 12+ and the state [bb][u¯s¯] with 121
+, which become
into weak bound states with binding energy of several and
a dozen MeV. The reason is that the meson exchange be-
8TABLE VIII: The contributions of the various parts of the Hamiltonian in the ACFTM to the masses and the binding energies
EB of the stable states [QQ][q¯q¯], where V
B , V σ, V C , V cm, Ek, and V
clb represent one Goldstone boson exchange, σ-meson
exchange, confinement, color-magnetic interaction, kinetic energy and Coulomb items, respectively, unit in MeV.
Flavor IJP Masses V σ V B V C V cm Ek V
clb Eb ∆V
σ ∆V B ∆V C ∆V cm ∆Ek ∆V
clb
[cc][u¯d¯] 01+ 3719± 12 −35 −223 173 −236 953 −676 −150 −35 −223 −73 −98 174 105
[bc][u¯d¯] 00+ 6990± 12 −37 −245 153 −261 993 −711 −136 −37 −245 −61 −65 147 125
[bc][u¯d¯] 01+ 6997± 12 −37 −246 155 −253 983 −703 −171 −37 −246 −75 −103 196 93
[bc][u¯d¯] 12+ 7299 ± 7 −15 −10 242 30 506 −552 −4 −15 −10 −34 0 −68 123
[bb][u¯d¯] 01+ 10282 ± 12 −36 −228 140 −236 928 −719 −278 −36 −228 −104 −208 288 11
[bb][u¯d¯] 12+ 10572 ± 7 −15 −10 222 27 490 −574 −30 −15 −10 −38 9 −92 116
[bb][u¯s¯] 1
2
1+ 10629 ± 11 −27 −10 151 −98 605 −654 −49 −27 −10 −49 −54 −41 132
[bb][u¯d¯] 01− 10404 ± 9 −37 −244 170 −253 962 −626 −114 −37 −244 −59 −179 262 144
TABLE IX: The energies of the stable states in the two models
with fourbody and twobody confinement potential and the
difference between two central values, unit in MeV.
Flavor IJP Two-body Four-body Difference
[cc][u¯d¯] 01+ 3817 ± 11 3719 ± 12 98
[bc][u¯d¯] 00+ 7096 ± 11 6990 ± 12 106
[bc][u¯d¯] 01+ 7109 ± 11 6997 ± 12 102
[bc][u¯d¯] 12+ 7440 ± 7 7299± 7 141
[bb][u¯d¯] 01+ 10355 ± 11 10282 ± 12 73
[bb][u¯d¯] 12+ 10698 ± 7 10572 ± 7 126
[bb][q¯′s¯] 1
2
1+ 10729 ± 8 10629 ± 9 100
[bb][u¯d¯] 01− 10508 ± 11 10404 ± 12 104
tween two light quarks in the states [QQ][q¯q¯] does not oc-
cur in the threshold consisting of two Qq¯ mesons. There-
fore, the doubly heavy tetraquark states [QQ][q¯q¯] provide
an ideal field to research the interaction between the dif-
ferent quark interactions because the chiral symmetry is
explicitly broken in the heavy sector but it is sponta-
neously broken in the light one.
The color-magnetic interaction also plays an impor-
tant role in the formation of the stable doubly heavy
tetraquark states with isopsin zero, which makes contri-
butions to the binding energies ranging from 54 MeV to
208 MeV, see Table VIII. The Coulomb interaction, in-
dependence of spin and isospin, universally produces ex-
tremely strong attractive interactions ranging from 550
MeV to 719 MeV in the stable doubly heavy tetraquark
states, which can be understood by the small separa-
tions between any two particles 〈r2ij〉
1
2 , specially for the
distance of two heavy quarks 〈r212〉
1
2 , see Table VII. How-
ever, the Coulomb interaction has no direct contribution
to the binding energies of the heavy tetraquark states
[QQ][q¯q¯], see Table VIII. It can be found that the contri-
butions to the binding energies from the color-magnetic
and Coulomb interactions amplify with the increase of
the mass ratio
mQ
mq
in the group of states [QQ][q¯q¯] with
the same [q¯q¯] and IJP , such as the group [cc][u¯d¯], [bc][u¯d¯]
and [bb][u¯d¯] with 01+.
The states [bc][u¯d¯] and [bb][u¯d¯] with 12+ as stable
states against strong interactions should be emphasized
because of weak attractive meson exchange and repul-
sive color-magnetic interactions, which are different from
the binding mechanism of the states with I = 0. The
kinetic energies make great contributions to the bind-
ing energies in the states with 12+, see Table VIII. The
reason is that the repulsive color-magnetic interaction
and the motions of quarks prevent any two quarks from
approaching each other. Meanwhile, the magnitude of
the pi-meson exchange in the states [QQ][u¯d¯] with 12+
(〈σi · σj〉〈Fi · Fj〉 = 1) weaken to the 19 of that in the
states [QQ][u¯d¯] with 01+ (〈σi · σj〉〈Fi · Fj〉 = 9). In this
way, any two quarks should sit at far from each other,
see Table VII, so that the kinetic energies greatly reduce,
about 400 MeV, comparing with those of the states with
01+. For the same reasons, the energies of other states
[QQ][q¯q¯] with 2+ in Table IV is just a little higher than
their corresponding threshold. With respect to the state
[bb][u¯s¯] with 121
+, one-Goldstone-boson-exchange inter-
action cannot provide large attraction because of lacking
of pi-meson exchange interaction. The system also re-
duces its kinetic energy to strengthen the stability of the
system.
The quark model with twobody quadratic confinement
potential by means of the Casimir scaling and other inter-
actions in the ACFTM is directly extended to the heavy
tetraquark states [QQ][q¯q¯], see Table IX, the energies are
in general higher about 100 MeV than those given by the
ACFTM because the Casimir scaling will lead to anticon-
finement for some color structure in the multiquark sys-
tem [28]. Meanwhile, the model with twobody confine-
ment potential is also known to be flawed phenomenolog-
ically because it leads to power law van der Waals forces
between color-singlet hadrons, which will disappear au-
tomatically by taking account into the flip-flop potential
in the LQCD simulation on the tetraquark states [54].
Comparing with the twobody confinement potential, the
fourbody confinement potential based on the lattice pic-
ture push down the energy of the tetraquark states, about
100 MeV, and can provide the binding energies ranging
from over 30 MeV to about 100 MeV, which is there-
fore universal dynamical mechanism forming stable dou-
bly tetraquark states in the ACFTM. In other words,
some states with binding energies below 100 MeV are
not stable states anymore in the model with twobody
confinement potential.
9V. SUMMARY
We systematically study the doubly heavy tetraquark
states [QQ][q¯q¯] with diquark-antidiquark picture in order
to search for all possible stable states against strong in-
teractions in the ACFTM with a multibody confinement
potential, σ-exchange, one-gluon-exchange and one-
Goldstone-boson-exchange interactions. The ACFTM
model predicts that the tetraquark states [cc][u¯d¯] with
01+, [bc][u¯d¯] with 00+, 01+, and 12+, [bb][u¯d¯] with 01−,
01+ and 12+, [bb][q¯′s¯] with 121
+ are stable states against
strong interactions. The tetraquark states [bb][u¯d¯] with
01+ and [bb][q¯′s¯] with 121
+ are the most promising stable
doubly heavy tetraquark states, which should be explored
in experiments in the near future. The strong decays of
those stable doubly heavy tetraquark states are kinemat-
ically forbidden if they really exist. However, they can
decay only weakly or electromagnetically and therefore
they must have a small decay width.
The color configuration
[
[QQ]3¯c [q¯q¯]3c
]
1
dominates the
propertits of the doubly heavy tetraquark states, in which
the diquark [QQ] can be regarded as a basic building
block because of their small sizes. The Coulomb inter-
action is very strong attractive and greatly reduce the
energies of the doubly heavy tetraquark states [QQ][q¯q¯].
However, it has no direct contribution to the binding en-
ergies of the bound states. The multibody confinement
potential based on the color flux-tube picture employs a
collective degree of freedom whose dynamics play an im-
portant role in the formation of the bound states, which
push down the energies of the doubly heavy tetraquark
states about 100 MeV comparing the twobody one.
The doubly heavy tetraquark states [QQ][u¯d¯] with I =
0 are strong bound states and have the binding energies of
the order of 100 MeV mainly coming from color-magnetic
interaction and one-Goldstone-boson-exchange interac-
tion. The doubly heavy tetraquark states [QQ][u¯d¯] with
12+ are weak bound states because of weak meson ex-
change and repulsive color-magnetic interactions, which
is formed mainly by reducing their kinetic energies. The
strange state [bb][u¯s¯] with 121
+ is similar to the state
[bb][u¯d¯] with 01+ and however a relative weak bound
state because one-Goldstone-boson-exchange interaction
cannot provide large attraction because of lacking of pi-
meson exchange interaction. The state also reduces its
kinetic energy to strengthen the stability of the system.
Until now, none of stable doubly heavy states [QQ][q¯q¯]
has been observed in experiments and therefore more
comprehensive investigations on their properties are still
needed. The experimental detection and analysis of the
doubly heavy tetraquark states will undoubtedly provide
an invaluable opportunity to severely check the availabil-
ity of the different theoretical models and, therefore, will
allow one to makes more reliable theoretical predictions
on the exotic hadronic spectra.
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